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Effect of Reactant-Surface Stretching
on Chemical Laser Performance

Richard J. Driscoll*
Bell Aerospace Textron, Buffalo, New York

High-pressure DF chemical lasers use gas trip jets to increase the laser cavity reactant mixing rate. The trip
jets can improve the laser efficiency by about 100% when compared to the laminar mixing value. It is postulated
that the trip jets create a secondary flow which increases the mixing rate by stretching the contact surface be-
tween the reactant streams. The surface stretching rate can be described in terms of a strain rate s0. A qualitative
explanation for the performance characteristics of trip-nozzle lasers is provided herein by developing flow and
laser models which can define the effect of strain on the reactant burning rate and laser efficiency. Strain affects
laser performance via a single parameter 7 = 2s0/kc, where kc is a characteristic collisional deactivation rate for
the lasing specie. Strain levels of 7 = 2-3 appear to be consistent with trip nozzle data. The model also indicates
the efficiency of low-pressure laminar mixing (7 = 0) lasers could be increased significantly for strain rate levels
in the 7 = 3-5 range.

Nomenclature
BJ,B2,B3 = constants, B1=(p2/p1)B2\ B3 defined by Eq.

(19)
Cj,C2,C3 = constants in gain equation, see Eq. (10)
Dj,D2,D3 = constants, Dl =KI/K3,D2 =K2/K3
D = molecular dif fusivity
fiJ2 ~ functions in amplifier solution, Eq. (22)
F = (y// w)2, normalized flame location
8>8o = Sain Per unit length, g0 = o [F] 7
G = integrated gain across flow channel, Eq. (16)
G* = G/(g0W), normalized integrated gain
G; = - ^rjr2)/(4NggW)9 threshold gain
/ = radiation intensity
k**k* = kinetic rates for collisional deactivation and

pumping, cmVmole-s
kc,kp = [ ] k*9 kinetic rate concentration product,

Kj = kp/kc, (pumping/deactivation) rate ratio
K2 = 2a/(eA:c), (stimulated emission/deactivation)

rate ratio
K3 = 1+K2
L,L0 = fluid element length scale, see Fig. 2
Mi = /'th specie molecular weight
NA = Avagadro's number
p = pressure
P = laser power, Eq. (17)
P* = ̂  r/, normalized power per channel
r =yf/w9 volume fraction of oxidizer burned
rj, r2 - mirror reflectivities
s ( x ) = dw/dz, axially varying linear strain rate
50 = characteristic constant linear strain rate
t = x/ «, flow time
tb = strained flow oxidizer element burnout time
td =0.25 (w/Bj)2/D, laminar burnout time
T = temperature
u - constant axial flow velocity
V =(u,v,w), velocities for coordinates fixed in

fluid element, see Fig. 2
w} ( x ) , w2 (x) = oxidizer and fuel element widths
w = w;(0), initial oxidizer element width
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x = (x,y,z)9 coordinates fixed in element, see Fig.
2

x* =(x*,y*,z*), coordinates fixed in nozzle, see
Fig. 1

xb,xd =utb,utd, characteristic distances
Xi = /th specie mole fraction
yf = flame location, Eq. (9) and Fig. 2
y* = wr(x), effective flame location for strained

flow
Yit Yf = /th specie mass fraction, initial values
7 = 2s0/kc, (strain/deactivation) rate ratio
e = hvNA, energy per mole of photons
f =*/:c/«, normalized axial distance
fj,, £d = xbkc/u, xdkc/u, characteristic distances
f,., le = start and end of lasing region in oscillator

solution
f0 = axial location of flame with penetration yf
$dj = value of frf for which re(£d) = ! 9 i.e., when

frf = £dj> £e ~ f 6
T\ = transverse coordinate, see Eq. (3), or nor-

malized laser efficiency (vic/ri0)9 see Eq. (18)
r]0 = efficiency for a premixed saturated laser
rjc =17170, chemical efficiency
X = 2s0td = fd7, strain-laminar mixing time

product
^,$0 =y + B2,B2, transverse coordinate
p = density
a = stimulated emission cross section
T —tftd9 normalized time
Tb -tb/td* normalized burnout time
<pf = 0 G *, threshold gain parameter
[ ] = concentration, mole/cm3

Subscripts
1,2 = oxidizer stream, fuel stream, see Fig. 2
b = location where all oxidizer is consumed
d = laminar mixing value
e = end of lasing region for oscillator
/ = property at flame
/ = start of lasing region for oscillator
r = reference value

I. Introduction

GENERALLY, cw DF chemical lasers operate in the
mixing-limited regime. Available analyses1'2 indicate

that a high laser efficiency requires a reactant mixing rate
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Fig. 1 Trip nozzle geometry and flowfield model: a) nozzle
geometry; b) trip jet configuration; and c) downstream flowfield.

which is fast compared to the lasing specie collisional deac-
tivation rate. At very low cavity pressures, p<l33 N/m2 (1
Torr), diffusional mixing is fast compared to deactivation and
the laser efficiency approaches that of a premixed laser. At
very low pressures, laser power densities are too low for
practical high-power laser systems and, thus, low-pressure
lasers are usually operated in the 133</?<665 N/m2

(!</?< 5 Torr) cavity pressure range where the joint
requirements on laser efficiency and power density can be
satisfied. In this regime, the laminar mixing and collisional
deactivation rates are of the same order. Laser efficiencies are
high but well below premixed limits. In this paper, we will
indicate how the efficiencies for this type of laser can be
increased.

When a high-pressure recovery level is a laser system
requirement, then the laser must be operated at a high-cavity
pressure, p>1333 N/m2 (10 Torr). In this regime, laminar
mixing is relatively slow and the mixing rate must be increased
above the laminar value if the laser is to operate efficiently.
The so-called trip nozzle, shown in Fig. 1, has been developed
for this purpose. In this nozzle design, gas injection at the
nozzle exit plane is used to perturb the reactant streams and
accelerate the mixing rate. The use of the trip jet concept on a
chemical laser was first demonstrated by Witte et al.3 Wilson
and Hook4 report that trip jet injection produced an 80%
increase in laser power when compared to the laminar mixing
case while Driscoll and Tregay5 present photographic data
showing the trip jets reduce the reactant mixing lengths from
about 5 cm for laminar mixing to about 1 cm with trip jet
injection. Thus, available data shows clearly that the trip jets
increase mixing and performance for high-pressure lasers;
what is not apparent, however, is the mechanism by which
they do this.

It could be supposed that the gas jets accelerate the laminar-
to-turbulence transition which occurs naturally in these shear
layers and, indeed, this is the reason these gas jets are com-
monly called trip jets. The measurement of Cenkner6 in-
dicates, however, that the turbulence levels in the laser cavity
are not significantly increased by the gas jets. Thus, the use of
turbulent mixing arguments to explain the trip jet mixing
mechanism has no foundation. Clearly, the name trip jet is a
misnomer; however, we shall continue to use it since it is the
term commonly used within the chemical laser community.

To date, a plausible mechanistic model for trip jet mixing
has not been reported; current flow models are heuristic in
nature. The most common approach5'7 to describing the trip
mixing rate is simply to increase the molecular diffusion
coefficient to a level which yields agreement with laser power
and gain data. Herein, we develop a mechanism based on the
idea that the trip jets produce a secondary transverse flow in
the laser cavity which stretches the contact surfaces between
the reactant streams. This contact area increase, to which the
mixing rate is proportional, can be described in terms of an
induced linear strain rate. In Sec. II, we develop a flame
model for burning in the presence of a linear strain field and
use this model in Sec. Ill to develop a laser performance
model which can describe qualitatively the influence of strain
rate on the laser efficiency. It is shown in Sec. IV that the
strained flow laser model is in qualitative agreement with trip
nozzle data and that the performance of low-pressure laminar
mixing nozzle designs could be increased significantly if strain
could be generated in their flowfield.

II. Flow Model
Trip Flow Model

Figure 1 shows the trip nozzle flowfield. Alternating
supersonic streams containing fuel, oxidizer, and diluent enter
the laser cavity and start to react at x* =0. For the DF laser
depicted in Fig. la, the laser fuel is deuterium (D2), the
oxidizer is atomic fluorine (F), and the diluent is helium. The
laser pumping reaction D2 +F-DF(v) + D, v=l-4 , creates
vibrationally excited DF which can be made to lase in a
suitable optical cavity.

Figure Ib shows a sketch of the nozzle with the arrows
indicating the location and injection direction of the trip jets.
The trip jets are located along the edges of the nozzle blades
and alternate in their direction of injection. Let
x* =(jt*j>*,z*) be the coordinate system fixed on the nozzle.
The trip jets in any (x*,y*) plane all point in the same
direction with the injection direction alternating between
( + y*) and (-y*) as one moves along the blade in the z*
direction. At their injection point, the trip jets are highly
under expanded to ensure that the jets penetrate well into the
nozzle flow. Consider a jet whose injection direction is (+y*)
into the oxidizer nozzle stream. The data of Zukoski and
Spaid8 show that the static pressure on the windward side of
the jet is much higher than that in the freestream, while the
pressure on the lee side of the jet is significantly lower than the
freestream pressure. Thus, the trip jet tends to push oxidizer
material in the (+^*) direction while the low pressure on the
lee side tends to induce a cross flow of material from the fuel
stream also in the (+y*) direction. The net effect is to give the
fuel and oxidizer material in the neighborhood of the jet a
(+y*) velocity component. Since the trip jets in neighboring
(x*,y*) planes alternate in their orientation, the transverse
velocity induced by the trip jets will alternate from the (+.y*)
to ( -y*) direction as one moves along the blade. The effect of
this secondary motion is to stretch the material from the fuel
and oxidizer nozzles into the elongated and rippled shape
shown in Fig. Ic. If the flow pictured in Fig. Ic were
photographed from outside the laser cavity with the camera
axis parallel to the z* direction, one would see well-defined
reaction zone boundaries moving from the nozzle lips toward
the centerlines of both nozzles as a result of the transverse
convection. Reacting material on the nozzle centerlines at any
x* location does not now imply complete mixing at that
location. Thus, the model of Fig. Ic provides a possible ex-
planation for the short mixing length data of Driscoll and
Tregay.5

A flow element bounded by two trip jets and the nozzle
centerlines is shown in Figs. Ib and Ic. The effect of the
transverse convection is to rotate and stretch the element. The
element stretching increases the reaction rate by increasing the
contact area between the reactant streams and also by
reducing the transverse mixing scales below the levels imposed
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Fig. 2 "One boundary-layer" strained flow model: a) flow model; b)
element at X = 0; and c) stretched element at X> 0.

Within the context of boundary-layer theory, the transport
equation for the /th specie mass fraction Yi is

dY: dY: d ( dY:\pu—- +pv—- =— [pD—- }dx dy dy V dy / +CO: (2)

where w7 is the chemical source term and D is the molecular
diffusivity (taken equal for all species). We further assume
that p2D = p2

rDr where subscript r indicates a reference value;
this approximation is satisfied reasonably well in constant
pressure gas flows. We now invoke the flame sheet ap-
proximation wherein it is assumed that the kinetic time scale
for the laser pumping reaction is small compared to the flow
time. The pumping reaction then goes to completion in the
neighborhood of a thin flame and co, = 0 except in this region.
Thus, we solve Eq. (2) for the regions y<yf and y>yf with
co^O; the influence of the flame on the solution for Yi is
defined using the flame sheet boundary conditions. The
solution is obtained in terms of the similarity coordinate

yf

where yf(x) defines the flame location and
Using the results just given and pr = p2,
written as

(3)

is a constant.
then Eq. (2) can be

by the nozzle geometry. The rate at which the element is
stretched can be described in terms of the strain rate induced
by the trip jets and we turn now to that problem.

Problem Formulation
We consider the flow element shown in Figs. Ib and Ic and

inquire as to how the reactants in this element burn in the
presence of a strain field. Chemical laser flows are usually
fuel rich and the flame which forms at x* = 0 moves into the
oxidizer-bearing material. To solve this problem, we use the
model shown in Fig. 2 where the coordinates x = (x,y,z) are
fixed in the fluid element; note x*=x. The principal strain
axis along which the element is stretched is z while element
compression occurs along the y axis. Figure 2a shows the (x,y)
plane through the element with the flame yf(x) moving into
the oxidizer stream. The element boundaries w;(x) and w2(x)
move toward the centerline due to the strain-induced con-
vection. Figures 2b and 2c show the (y,z) planes of the element
at * = 0 and .x>05 respectively, and indicate how the strain
field distorts the element and increases the contact area
between the fuel and oxidizer. All the oxidizer is reacted when
yf(xb) = w}(xb), xb being the axial distance for oxidizer
burnout.

The mass conservation equation for the fluid element is
V (p V) = 0. V= (u, v, w) is the velocity with respect to the local
coordinate system jc. We assume the axial velocities from the
fuel and oxidizer nozzles are uniform (the boundary layers are
neglected), identical, and invariant with axial distance, i.e.,
ui — U2~ u~ const. This presumes negligible heat release
within the laser cavity or a constant pressure flow. From the
flow geometry shown in Fig. 1, the gradients of the scalar
variables in the z direction will be small compared to those in
the y direction; thus, the gas density will satisfy p = p(x,y),
p?±p(z). With these constraints, the continuity equation can
be written as

d(pv) dp
=-u- -ps(x)

P2yf yf > r dy2

The continuity equation can be integrated from yf to y to
obtain an expression for the bracketed term in Eq. (4). Thus,
Eq. (4) becomes

p2

yf dx

yf

y dy2 (5)

(1)

where vf is the transverse velocity at the flame. Further
progress in solving Eq. (5) requires definition of the flame
sheet boundary conditions.

One Boundary-Layer Flame Sheet Model
To simplify the solution of Eq. (5), we will adopt the "one

boundary-layer" approximation introduced by Hofland and
Mirels.9 In this model, it is assumed that the fluorine diffuses
to the flame at a rate which is slow compared to the fuel
diffusion rate, this being due to the approximate factor of two
difference in the diffusion coefficients for the two species.
Thus, on the oxidizer side of the flame (r/<0), conditions are
uniform at their nozzle exit values. A diffusion layer forms on
the fuel side (77 >0); we need solve Eq. (5) only for this region.
It is now appropriate to set Dr = D where D is the diffusion
coefficient for the fuel in stream 2.

On the oxidizer side of the flame sheet, the transverse
velocity and density are v= — syf and p / , respectively, while
the values on the fuel side of the flame are vf and pf. The
continuity equation indicates the quantity p(udy/dx— v) is
constant across the flame; thus, (pv)f can be written as

where s(x) represents the induced strain rate s = dw/dz which
can vary in the axial direction.

(6)
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Using Eq. (6) in Eq. (5) yields

" B]D~dx (7)

Equation (7) has a similarity solution of the form Yi = Yf(rf) if
the bracketed term in Eq. (7) can be taken as constant; note,
since yf=yf(x) and s=s(x), the bracketed term cannot be a
function of 17. Since B1 is an as yet undefined constant, we can
set the bracketed term to any arbitrary nonzero value without
affecting the solution; for convenience, we choose 2. Defining
B2=B1p1/p2, % = rj + B2, and %0=B2, thenEq. (7) reduces to

(8)

and yf is now given by

(9)

Note that the strain rate s(x) appears only in Eq. (9). The
constants Bl and B2 are functions of the reactant
stoichiometry and are obtained by solving Eq. (8). The
quantity (Bj/yf) needed to calculate 77 from Eq. (3) can be
obtained from Eq. (9); note, (B}/yf) is independent of the
reactant stoichiometry but does depend on the strain rate
distribution s(x).

Consider the fuel mass fraction 7fu. At the flame, yfu =0
since by definition neither fuel nor oxidizer exist at the flame.
At the nozzle exit plane Ffu = yj?u. To conform with the
solutions of Hofland and Mirels,9 we use the boundary
conditions 7? = 0, J = £0, 1^=0 and 77-00, { —oo, Ffu = Ffu;
this presumes a fuel-rich flow and w2>w;. It easily is shown
that the solution for yfu is yfu/y?u = [erf(£)-erf(£0)]
/erfc(£0), where erf( ) is the error function and erfc( )=1
-erf( ).

At the flame, fuel diffusion balances oxidizer convection
and stoichiometry dictates that

B
B ,

3
(10)

where vi are the stoichiometric coefficients for the reaction,
^fu(fuel) + vox (oxidizer) — ^p (product) and Mi are the specie
molecular weights. Using the solution for Yfu(£), it is easily
shown that Eq. (10) yields £2exp(^)erfc(£2) = -B3/ir'/2\
clearly, B2 <0 and, thus, £0 <0. Hofland and Mirels9 obtain
this same result in their study of laminar flames and they
indicate that, for 10<£0<103 , £0 can be approximated by
-£0 = 0.45 + 0.601og10(£5).

For laminar mixing, 5* = 0 and Eq. (9) yields

When 5 = 0, then wj(x) = w](0) = const. Since the fuel nozzle
size is no longer a parameter in the problem, we define
w=w ;(0) as the characteristic nozzle scale. Solving Eq. (11)
for the burnout location xd and time td (subscript d indicates
laminar mixing results and b the strained flame case) yields
xd = utd = Q.25(u/D)(w/Bj)2.

Flame Location with Strain
With t = x/u, r = t/td9 and F=(yf/w)2, then Eq. (9) can be

written as dF/dr + 2stdF= 1. If (std)<l, then the influence of
strain on yf is negligible and the solution reduces to Eq. (11).

Defining a strain rate parameter \ = 2std, and using the initial
condition F(0) = 0, then the solution for F(r) is

F=exp(-0) /3(r) = (12)

Note that when 5(7) = const, then F(T) has a steady-state
solution which implies at /—>oo, (yf/w)-* 1/X//2; for this case,
strain balances diffusion and the flame becomes stationary.

Since v= —sy on the oxidizer side of the flame, then the
motion of the symmetry line w}(x) is described by dw ;/d/
= — sWj. With w;(0) = w, it easily is shown that
w;(r)/w = exp( —18/2). From the definition of s(x), it easily is
shown that the lateral extension of the element is
L(r)/Z/0 = exp(/3/2). Thus, the area of the oxidizer side of the
element is constant, i.e., L(r)w7(r) = L0w.

For the remainder of this analysis, we assume the strain rate
is constant, i.e., s(x) = s0. Thus, \ = 2s0td, /3 = Xr, w ; /w
= exp(Xr/2), and yf/w= [1 -exp(-Xr)]1 /2/\1 /2 . The oxidizer
is completely burned when yf(xb)- w}(xb). Defining a
nondimensional burnout time by rb = tb/td, then it easily is
shown that Tb = \-1Vn(l +X). As X—0, T—>!, i.e., the laminar
result is recovered. For X=10, 7^=0.24; this indicates the
potential for strain to reduce the burn time. The element
compression and extension at burnout are given by
L(rb}/L0 = (\ + \y/2 and Wj(Tb)/w = (l + X)- / /2; for X=10,
L/L0 = 3.32, i.e., the contact area between the reactant
streams has increased by more than a factor of three at
burnout.

For the laser analysis which follows, it is necessary to
describe the volume fraction of the oxidizer stream which has
been burned; the ratio (yf/w) does this only for the laminar
flame case. Let ^(7) be the fraction of the oxidizer which has
been burned and let y*(r) be the effective flame location
defined such that r(T)=y*(r)/w. From Fig. 2c, we have
r(T)=yf(T)L(T)/(L0w) which for the constant strain model
implies r(r)= [exp(Xr)- 1] l / 2 / \ ' / 2 . As X-0, r(r)-r'/2 and the
laminar results are recovered. Note, also, that when (X7)<^1,
the burning rate is effectively laminar. Figure 3 shows 7^(7) for
0< X<25 and provides an indication as to the effectiveness of
flame stretch in reducing the burn time.

III. Laser Model
The two-level laser model of Mirels et al.1 forms the

starting point for our analysis. Mirels et al.1 calculate laser
performance for flame shapes of the class yj~xn. The flame
model developed in Sec. II does not fit within this class. We,
therefore, generalize the results given in Ref. 1 for arbitrarily
shaped flames and then use the results given in Sec. II to
define the influence of strain on laser performance. Both
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Fig. 3 Flame function vs time, 0 < X<25.
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Broadwell2 and Mirels10 have developed models which treat
the multiple vibrational level lasing which occurs in HF and
DF lasers; in addition, the model of Mirels10 is developed for
flames of arbitrary shape although he presents results only for
theyf~xn class. These more complex models are not required
to illustrate the effect of strain on laser performance. We,
therefore, use the simple two-level model since it is adequate
for the purposes of this analysis. Mirels10 indicates that the
results from the multivibrational level models can be
recovered from the two-level model by simply redefining
model parameters and the reader is referred to that paper for
details. Space limitations preclude detailed derivations herein;
we, therefore, refer the reader to Refs. 1, 2, 10, and 11 for
background material.

In the two-level DF laser model, the local media gain is
g = o( [ DFW ] — [ DF7 ]) where a is the stimulated emission cross
section and [DFW] and [DF7] are the upper and lower laser
level molar concentrations. If all the fluorine is burned at the
flame, then just downstream of the flame [DFU] = [F];
where [F] 1 is the fluorine atom concentration in the oxidizer
stream. We define a characteristic gain g0 = a[¥]1; g0 is the
gain just downstream of the flame in the limit of k£-*><*>
where k* is the forward kinetic rate for the reaction
F + D2-DFW + D. Since the flow is fuel rich, we define the
effective pumping rate by kp — k* [D2]2 where [D2]2 is the
deuterium concentration in the fuel stream. Molecules are
removed from the upper state via the collisional deactivation
step DFW 4-M—DF7 + M where M is a collisional partner; if
k* is the kinetic rate for this step, then a characteristic
deactivation rate can be defined by kc — k* [M]. Note, kp and
kc have units of time~7. The parameter K} = kp/kc represents
the pumping to deactivation rate ratio. DF is removed from
the upper level by stimulated emission at the rate (gl/e) where
/ is the radiation intensity in the laser cavity and e = hvNA is
the energy per mole of photons with frequency v\ h is Planck's
constant and NA is Avagadro's number. The ratio of upper
state deactivation via stimulated emission to that for
collisional deactivation is defined by the parameter
K2 = (2al)/(ekc):> a radiatively saturated media corresponds to
AT2 — oo. The ratio of the flow to deactivation time is
l—xkclu\ $d and $b give the burnout locations for the laminar
and strained flames, respectively. In Sec. II, we introduced
the strain rate parameter \ = 2s0td\ X defines the strain rate to
laminar burn rate ratio. For the laser analysis, it is more
appropriate to use a strain rate parameter normalized by the
collisional deactivation rate. We therefore define y = 2s0/kc
as the strain to deactivation rate ratio; note 7 and X are related
byX=£yy.

Using Eq. (11), the laminar burn time for an oxidizer nozzle
of width w is td = 0.25(w/Bj)2ID. From Fristrom and
Westenberg,12 D=ET5/3/p. If D, T, and p have units of
cm2/s, K, and Torr, respectively, then for D2 diffusing into
helium and nitrogen, E=1.6xW~2 and 3 . 1 x l O ~ 2 ,
respectively (the values for H2 fuel are £=9.3xlO~ 2 and
4.2x 10~2, respectively). The principal deactivating species in
a combustion-driven DF laser are HF and ground state DF,
i.e., DF(0). We estimate the mole fraction of DF(0) in the
laser cavity as XD¥ = Q.5X¥ where XP is the stream 1 fluorine-
atom mole fraction. Using the deactivation rates given by
Cohen13 with DF(2) representing DFW in the two-level model,
then for r<800 K, kc can be approximated by
£c = 3.85x!010 (Xm+X^pT-11'* s"1. Since fd = kctd, we
can estimate frf for a helium diluent DF laser as

(13)-=r ) (Pw)2

In writing Eq. (13), we have used B; = 1.00; this is a
representative value for both high- and low-pressure laser
conditions. For a nitrogen diluent laser, the values of fd
obtained from Eq. (13) should be multiplied by 2.45 to reflect

the lower diffusivity. Typical conditions for high-pressure
lasers are XHP=X7=Q.Q6, 7=300 K, p=l2 Torr, and
w = 0.10-0.20 cm; from Eq. (13) this yields £, = 4.3-17.3. For
low-pressure lasers, typically, XHF=XF = Q.l5, 7=300 K,
p = 4 Torr, and w = 0.15 cm yielding frf = 2.7 (for N2 diluent,
fd = 6.6). Thus, for our study, we consider the range

With £d~(pw)2 and td~p\v2, then X~ s0pw and y~s0/p.
We choose to use 7 as the characteristic strain rate parameter
since it is independent of the nozzle scale w. With frf and 7 as
the two independent parameters in the model, then for a laser
operating at a constant cavity pressure varying 7 reflects
change in the strain rate while varying £d corresponds to a
change in the nozzle scale.

Since r=t/td = x/xd, then we can use the results from Sec.
II to write the flame function in the region 0 < f < £b and the
burnout location in terms of fas

(14)

For simplicity of notation, we retain the parameter X in Eq.
(14); X, however, is not an independent parameter but is
calculated from \ = y£d.

The starting point for our analysis is the streamline gain
equation, i.e. Eq. (9b) of Mirels et al., ! which we write as

(15)

Equation (15) defines the influence of pumping, deactivation,
and radiative saturation on the gain for a streamline which
enters the flame at f=f0 . Equation (15) is valid for f>f 0
since g — 0 upstream of the flame. The integrated gain across a
channel of width w is

= g(t,y)dy,
O

(16)

We use the effective flame location y* = wr(g) to calculate the
gain for the strained flame case. The power extracted from a
channel of width w per unit channel height is

g(x,y)I(x)dydx (17)

where x{ defines the start of the power extraction region. The
radiation intensity I(x) is assumed constant across the cavity
but is allowed to vary in the axial direction.

The chemical energy available for conversion to laser power
is Ec = u w [ F ] 1 A h where A/z is the chemical energy released
per mole of fluorine-atom reacted by the laser pumping
reaction. Define <p as the photon yield per mole of reacted
fluorine-atom for a saturated premixed laser and let (yip)
represent the yield for a diffusion-type laser. The efficiency 17
represents the power loss due to a finite mixing rate, in-
complete saturation, and collisional deactivation. The power
in the laser beam is P=uw[¥] 1e<pf] and the chemical con-
version efficiency is yc=P/Ec = (<pe/&h)T} = fr)0T} where
rj0 = <pe/Ah is the efficiency for the laser operating in the
saturated premixed condition. The parameters <p and r?0 are
defined by the multivibrational level physics of the lasing
process and cannot be calculated from the two-level model.
Hofland and Mirels9 and Mirels10 give results which indicate
770 is a function of the temperature in the lasing region and the
rotational level (7) of the lasing transition. For r=300 K, a
representative value <p for both HF and DF lasers is TJO = 0.30
and we will use this as a characteristic value herein. It should
be noted that r?0 is not truly independent of the mixing rate
since the lasing region temperature T is influenced by mixing,
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e.g., faster mixing usually implies a lower value of Tdue to
more efficient diluent utilization and, thus, a higher value for
?70. T and, thus, TJO are also affected by the laser operating
condition, e.g., free jet (constant pressure) or confined cavity
(area defined). Since y0 is affected by many variables, e.g.,
mixing rate and configuration, accurate estimates for 77 c
require detailed numerical calculations which can account for
all the details of the specific problem under consideration. It
is not our purpose to do this herein; rather we use the two-
level model to calculate 77 and show how the faster mixing
associated with the strained flow has the potential to improve
performance. The strained flow mixing model outlined herein
easily can be adapted for use with the more detailed numerical
models and this subject will be covered at a later date.

Using Eq. (17), 77 can be written as

77 =
2P

e«w[F]7
(18)

where G*(f) = G(f)/(g0w). In writing Eq. (18), we have used
<p = 0.5 since this value is consistent with the two-level laser
model used to define the integrand in Eq. (18). Note that we
allow K2 to be a function of f; this differs from the usage of
Mirels et al.1 and we do this so that Eq. (18) can be used to
define 77 for both the amplifier and oscillator configurations.

Amplifier Solution
We assume a beam with a uniform intensity enters the laser

cavity and is amplified. The radiation intensity in the cavity is
represented by a constant characteristic value /and Eq. (15) is
solved using K2 = const. The solution of Eq. (15) given by
Mirels et al. l can be written as

(19)

where K3 =(1 +K2), Cl = [D1(2-D2)]/(DI - 1), C2 = (1 +£>,
-D2)/(D1-l), C3=D2-\, D j = K j / K 3 J and D2=K2/K3.
Before using Eq. (16) to calculate G(f) we first change the
integration variable from y to f0 using dy = (dr/d£0)d£0.
Integrating by parts to remove (dr/df0) yields

= S & * S ^ S *

(20)

Substituting Eq. (19) into Eq. (20) and noting that g(f,f") = °
for f < fft yields

r^f f t (21b)

The functions /,(£) and/2(f), and their series representations
(obtained by successive integration by parts) are given by

The results in Eqs. (2la) and (21b) represent the most
general solutions for the gain for arbitrary values of A';, K2,
and flame shape. In flame sheet limit, Kj-^oo, /2(f)-^r(f)»
and Eqs. (2la) and (21b) reduce to

where for /= 1 and 2, Kj=K3 and Kj, respectively.

f^f* (23b)

The gain at the oxidizer burnout point is G*(^) = l-(2 —
D2)fj(tb). The small-signal gain distributions are obtained
from Eqs. (23a) and (23b) by letting AT2-0, i.e., K3 — l,
£>2-0, andC5-»l.

For a saturated media, K2^oo, K3-+K2, D2-*l, and
C5—0. To obtain the gain distributions for KJ-+OO and
K2^<x>, we substitute the series for /;(f) into Eq. (23a);
retaining terms of 0(A2~7) yields

(24a)

(24b)

When K2>1, Eq. (24b) indicates G*—0 very rapidly in the
region f> JV

Figure 4 shows the small-signal gain (K2 = 0) distributions
calculated using Eqs. (23a) and (23b) and Eq. (14) for 7 = 0-8
and for frf = 1 and 10. The sharp peak shown in these
distributions corresponds to the burnout point f=f f t ; for
f > fj,, the gain decays exponentially. For {"</ = ! it is seen that
increasing 7 increases the gain, e.g., for 7 = 3 the peak gain is
509/o higher than the laminar (7 = 0) value while for 7 = 8, the
peak gain is more than twice the laminar value. When fd is
large, the effect of 7 on the gain is even more significant, e.g.,
for f^=10, a value of 7 = 3 yields a peak gain more than
double the laminar value. The results also show that for all
values of 7, when frf is increased the length of the positive gain
region also increases. It is noted that increasing 7 does not
necessarily shorten the gain region, e.g., for fd = 10 as 7 is
increased, the length of the positive gain region first increases,
then decreases. Note for fd = 10, the positive gain regions for
7 = 0 and 7 = 8 have about the same length.

Figure 5 shows the gain distributions for a loaded amplifier
with K2 = 10. The saturated gain is significantly lower and
shorter than the small-signal gain. While the gain
distributions in Fig. 4 are roughly triangular in shape when 7
is large, those in Fig. 5 have more complex geometry/This
indicates that the small-signal gain distributions (which are
often measured) may not provide a good representation for
the saturated gain distributions, i.e., the two cannot be related
via a simple saturation parameter. This is a significant point
in that saturated gain distributions such as shown in Fig. 5 are
often used as the media model in complex resonator studies;
and, often, these distributions are derived from small-signal
gain data. One other feature worth noting in Figs. 4 and 5 is
that as f—>0, all the distributions collapse to a single curve.
This is due to the fact, noted earlier, that as f — 0, r(f) as given
by Eq. (14) reduces to a laminar flame shape.

Oscillator Solution
For a Fabry-Perot laser cavity consisting of two plane

parallel mirrors with reflectivities r1 and r2 and a nozzle array
with N nozzles with half-width w, the normalized threshold
gain is G * = -^(rjr2)/(4Ng0^). Lasing starts at f / f defined
by G*(tifK2 = 0) = G; or Gf(fifK2 = 0) = *>,., where <p, = ft G*
and GJ = f£2G* are the parameters used by Mirels et al.1 to
characterize the threshold level.
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In the lasing region (f^f^^), the radiation intensity is
found by substituting Eq. (15) to Eq. (16) and solving for
K2(f). In doing this, we use the constant gain approximation,
i.e., that G(£) = Gt is the lasing region. The most general result
obtained f or K2(£) is

For Gt —0, then £.—0 and Eq. (28) reduces to

(29)

=K».~ ^ {7-exp[-#7(f-r,);

where K2b=K2(fb).
For K,-<x, using Eq. (22) to simplify Eq. (25a) yields

(26)

For £,<fA , the end of the lasing zone is found from the
condition that K2(£e) = 0; from Eq. (26), one obtains

(27)

As #7-oo, Eq. (25b) implies that for £e>?b, then (fe-
tb) = 0(^7-2); thus, when $e > {b and Kj>l,te**[b. The laser
efficiency is obtained by substituting Eq. (26) into Eq. (18)
yielding

(28)

It easily is shown using Eqs. (18) and (24) that this same result
is obtained for the power extraction efficiency of a saturated
(K2-+ oo) amplifier. Mirels et al.1 use a flame function with
the form r(f) = (f/^)" to calculate r? for laminar (n = 0.5) and
turbulent (n=^ 1.0) mixing. If this function is substituted into
Eq. (24), the results given by Mirels et al.{ will be recovered.

From Eq. (14), one has (dr/dfli = (1 + \r2)/(2£dr). Using the
result in Eq. (27) and solving for re = r(£e) yields

tf__~\" __ __Vi__]
-7)J (2-7) '/2 3(2-7)

(30)

To obtain fe, we invert Eq. (14) to obtain fe = 7~7^l +Xr|).
Equation (30) is valid for £e < f f t , re < 1 . No real solutions are
obtained for 7 > 2. Define f^ by the condition that rtf (f^-) = 1 ;
from Eq. (30) it can be shown that f^.= [2(1 + G,*)- 7] ~ 7 .
The significance of fdy is that for given values of 7 < 2(1 + G *)
and G;, it defines the value of frf separating the complete and
incomplete burning modes. If frf > f^-, then fe < ̂  and lasing
stops before the oxidizer is fully reacted; when £/<{"#, then
fe « f6 and all the fluorine is burned in the lasing region. For a
saturated oscillator (G^O), these results imply that when
7>2, the fluorine is always fully utilized; incomplete burning
corresponds to the narrow region of 0 < 7 < 2.
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Substituting Eq. (14) into Eq. (28) and evaluating the in-
tegral yields

where for fe < fb, re is obtained for Eq. (30) while for [e>tb,
then re = 1. For a saturated oscillator, G* and f,-*0, and Eq.
(30) reduces tore=[ $d(2 -y)]~'/2. Thus, Eq. (31) reduces to

(32a)

(32b)

As 7—0 and X—0, it easily is shown that Eqs. (32a) and (32b)
produce the laminar results of Mirels et al.l

Figure 6 shows the laser efficiency rj for a saturated
oscillator as a function of 7 and fd. As fd—'0, all curves
approach the premixed result of 77 = 1. For low values of 7, r?
drops very rapidly as fd increases. When 7<2 and £d>tdj,
lasing stops before the fluorine is completely burned; in this
region, Eq. (32b) indicates that for any value of 7, Ty~J7^
~(pw)~7. For 7>2, all the fluorine is burned in the lasing
region and Eq. (32a) implies that as {"</-*<», r?-*(l -2/7), i.e.,

there is an asymptotic value below which the efficiency does
not fall.

A measure of the laser power output is P* = ̂ 2rj. P*
represents the power per channel for fixed values of
stoichiometry, temperature, and flow velocity; thus, varying
£d corresponds to changing p or w. Figure 7 shows the results
for P*. For 7<2 and £/>£#, P* is invariant with frf and a
function of 7 only. This result was reported previously by
Mirels et al.1 and Broadwell2 for the laminar and turbulent
mixing cases, respectively. It implies that as the cavity
pressure or laser mass flow is increased, the laser power
remains constant. This result is not in agreement with the
operating characteristics of trip nozzle lasers where it is found
that the laser power increases as the mass throughput is in-
creased. The strained flame model indicates that for y>2, P*
continues to increase as fd increases, i.e., power continues to
increase with mass throughput. Equation (32a) implies that
when \ = y£d is large, then ry approaches a constant value and
P*~£'d ~(/7W)» i-e» tne power increases linearly with cavity
pressure or mass flow.

Figure 8 shows TJ and P* normalized by the laminar mixing
(7 = 0) results for the range of £d < 5. Even modest values of 7
yield large increases in power, e.g., for frf = 5, a factor of two
increase in power is achieved at the 7 = 2.5 level. It is
significant that even at low values of fd performance can be
improved by straining the flow, e.g., for f</ = 2, the laser
power is doubled when compared to the laminar results when
7 = 5.

Figure 9 shows the lasing zone length £e. For 7<2 and
£d > frf/> fe *s independent of ̂  and a function of 7 only. For
7<2, it is seen that fe increases as 7 increases. For 7>2, the
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trend reverses and fe decreases as 7 is increased. This result is
expected from Eq. (14) since fe = f6 for y>2. The trend that
£e increases with fd is also expected from Eq. (14). For 7>2,
the lasing zone lengths for the most part are longer than the
laminar mixing values. Thus, the results indicate that a large
value of 7 does not imply a short lasing zone.

IV. Discussion
Trip Nozzle Lasers

This is not the place for an exhaustive analysis of trip nozzle
data, however, it is appropriate to show that the strained flow
laser model is in qualitative agreement with trip nozzle data
trends. Quantitative agreement is not to be expected due to the
many simplifications inherent in the analytical model; this
issue is best left for detailed numerical studies.

Wilson and Hook4 report trip nozzle laser efficiencies in the
17c = 0.10-0.15 range and that trip jet injection increases laser
power by about 80% when compared to the laminar mixing
case. The results from more recent trip nozzle experiments
showed power increases in the 2.0-2.5 range. Helium diluent
DF lasers with trip nozzles generally have characteristic values
of £d in the 4-6 range. For lasers with £d « 5 operating at twice
the laminar power level, Fig. 8 implies an effective value of 7
in the 2-3 range. For £/ = 5 and 7 = 2.5, then from Fig. 6,
77 = 0.49; with r]0 = 0.30 then r;c = 0.15 which is consistent with
trip nozzle data. A characteristic of the strained flow model
shown in Fig. 6 is the slow decrease in r/ as fd increases. This
result also explains a trend observed in trip nozzle data, i.e.,
that performance is relatively insensitive to nozzle size. The
laminar and turbulent models of Mirels et al.! and Broadwell2

cannot explain this phenomenon, e.g., when £/>!, they
predict i7~(/?w)~7 which indicates a sensitivity to cavity
pressure and nozzle scale not observed in trip nozzle data.
These earlier models also predict that for $d > 1, laser power is
constant while our model indicates that when 7>2, power
increases with f r f; it is the latter trend which is observed in
tripped flow data. Our conclusion from this comparison is
that the laminar and turbulent models of Mirels et al.J and
Broadwell2 are not in agreement with the characteristics
shown by the trip nozzle data while the strained flow laser
model does show the proper behavior and indicates that 7 = 2-
3 is an appropriate characteristic value for nozzles using gas
jet trips within the context of the constant strain rate
distribution function used herein. This strain rate distribution
was used to illustrate the character of the model and is not
intended to imply that trip nozzles generate constant strain
rates. Clearly, more information is needed on the actual strain
rate distribution associated with trip nozzles in order to apply
the reactant-surface stretching approach outlined herein in a
more quantitative manner.

Trip nozzles use helium jets with a mass flowrate of about
5% of the total laser flow. Increasing the trip flowrate above
this level usually results in a constant or reduced laser power.
This appears to imply that above a certain level, increasing the
trip flow does not appreciably increase the strain parameter 7;
the situation, however, is actually more complex than this.
One would expect the strain rate parameter 7 to scale with the
trip jet penetration hj. Zukoski and Spaid8 indicate hj~m'f
where nij is the jet mass flowrate. If 7~/z /~raj / 2 , then the
strain should increase continually with the jet mass flow.
Since the trip jets are located between the fuel and oxidizer
streams, they create a helium layer between the two reactant
streams in at least part of the flow. The fuel and oxidizer must
diffuse across this layer before they can react. While in-
creasing the trip flow should increase 7, it also increases the
width of the helium layer across which the reactants must
diffuse. This suggests that above the 5% trip flow level, any
increase in the mixing due to an increase in trip flow is
balanced by a reduction in the mixing rate associated with the
increased helium barrier layer size. The net effect is that laser
power does not increase for trip flows above the 5% level and

that gas trip lasers are effectively limited to operating in the
7 = 2-3 regime. The results in Fig. 8 indicate that if nozzles can
be designed to operate at 7>3, significant increases in laser
power above that available from current designs can be ex-
pected. Since the y> 3 region is apparently not accessible via
gas trip nozzle designs, new nozzle designs which induce strain
into the flow using another mechanism are required.

Low-Pressure Nozzle Designs
Lasers designed for use at low cavity pressures (3-7 Torr) do

not currently use trip jets or other mixing enhancement
devices; they rely on molecular diffusion to mix the reactants.
Figure 8 illustrates the potential for strain-accelerated mixing
to improve performance at low values of $d. For frf = 2.5,
which represents low-pressure helium diluent lasers, operating
at 7 = 2.0 yields a 72% power increase over the laminar results
which at 7«3, the laser power about doubles. For ^ = 6.0,
which characterizes low-pressure nitrogen diluent lasers, the
performance improvement potential is even larger due to
lower molecular diffusivities associated with the nitrogen. For
example, with' fd = 6.0 and 7 = 2.0, power increases by 93%
while for 7 = 3, an 180% increase is obtained. These results
suggest that there is much that can yet be done to improve the
mixing, and, thus, efficiency, for low-pressure laser designs
and that it could be advantageous to explore nozzle designs
which will introduce strain into such flows.

V. Summary and Conclusions
In this paper we have introduced the idea that gas jet trip

nozzles improve laser performance over laminar mixing
designs by generating a secondary flow at the nozzle exit plane
which stretches the reactant surfaces, thereby increasing the
contact area between the reactant streams, and, thus, the
reactant mixing rates. This process is described by ascribing
an induced strain rate to the trip jets and then by developing a
flow model for burning in the presence of a strain field. The
flow model was coupled to a laser performance model in
order to define the influence of the strain rate on the laser
efficiency. Strain enters the model via a single parameter
y = 2s0/kc which is the ratio of the strain rate to deactivation
rate. In the fast pumping limit, the model indicates that for a
saturated oscillator 7 = 2 is a junction point for the burning
modes with the fluorine always being fully burned in the
lasing zone when y>2. The strained flow model is shown to
be in better agreement with trip flow laser data than previous
laminar and turbulent mixing laser models with the data
implying effective values of 7 in the 2-3 range for gas jet trip
nozzles. The results from the model suggest that the per-
formance of high-pressure lasers could be improved if a
passive (no gas injection) strain-generating mechanism
yielding 7>3 were used. The model results also indicate that
the performance of low-pressure nozzles, which currently
operate in the laminar mixing mode, could be significantly
improved by implementing the strain-accelerated mixing
concept discussed herein. In fact, if a passive mechanism for
generating high strain levels (7 = 5-8) could be developed, the
model results would imply that it should be possible to double
the laser performance over current designs for both low- and
high-pressure laser designs.
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